Introduction
Consider a parabolic problem
on a Banach space X. The maximal L p regularity of the parabolic problem (1.1) refers to such estimates as
Traditionally, this estimate was derived for parabolic equations by using parabolic singular integrals [1, 6] for X = L p . For example, when Au = −∆u, we have
where k(t, x) = Therefore, by the theory of singular integrals, (1.2) holds for X = L p . Unfortunately, this argument has not been extended to the settings of a general Banach space X, or more specifically, X = L r with r = p. Most existing methods in establishing (1.2) for a general Banach space X rely on the concepts of analytic semigroups [2, 5] , operator-valued Fourier multiplier theory and R-boudnedness [9, 10] or H ∞ -functional calculus [7] . In this note, we present a simple and fundamental approach to the maximal L p regularity of parabolic problems, which only uses the concept of singular integrals of Volterra type (which are straightforward modification of the standard singular integrals). Knowledge of analytic semigroups, R-boundedness or H ∞ -functional calculus are not required.
Singular integrals of Volterra type
Frequently we meet the following type of operators
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for some σ ∈ (0, 1], where · L(X,Y ) denotes the operator norm. A kernel K(t, s) which satisfies the above conditions is called a standard singular kernel of Volterra type. The above properties imply Hörmander's condition: K(t, s) is integrable in any bounded domain U × V such thatŪ ∩V = ∅ and (t, s) ∈ U × V implies t > s > 0, and
A singular integral operator of Volterra type is a bounded linear operator from
3) when f has compact support and t does not lie in the support of f , where the kernel K(t, s) satisfies the conditions (2.4)-(2.6). Of course, those conditions also imply Hörmander's conditions (2.7)-(2.8).
Remark 2.1
The above definition mimic the definition of the usual singular integral operators [3, 4, 8] . We should be cautious that a singular kernel of Volterra type does not define the singular integral operator directly. For example, the kernel K(t, s) = 1/(t − s) satisfies (2.4)-(2.6) but the integral operator T f (t) = t 0 K(t, s)f (s) ds is not defined even in the Cauchy principal sense.
The following theorem indicates that singular integral operators of Volterra type preserve the essential properties of standard singular integral operators.
Theorem 2.1 Let X and Y be reflexive Banach spaces. Then a singular integral operator of Volterra type is of weak-type (1, 1) and strong-type (p, p) for
Proof The theorem is proved based on the Calderón-Zygmund decomposition (see Appendix). We only prove the case 1 < r < ∞, as the case r = ∞ can be proved similarly.
Without loss of generality, we can first consider f as a smooth function with compact support and then extend the result to L p (R + → X) for 1 ≤ p < ∞. Let f = g + Q j ∈Q b j be the Calderón-Zygmund decomposition so that both g and b j are in
for almost all t ∈ R + . The idea of such decomposition is that, if we let Q * j be the unique cube with the same center as Q j (denoted by s j ), with sides parallel to the sides of Q j and have side length l(Q * j ) = 2l(Q j ), then
Let b = Q j ∈Q b j and we note that
where α is the parameter in the Calderón-Zygmund decomposition. We choose α to satisfy 2 2r−1 B r α r−1 = 2B so that
For the second term, we have
Therefore, we have proved the weak-type (1, 1) estimate. The strong-type (p, p) estimates for 1 < p < r follows from real interpolation. For r < p < ∞, we consider the transpose operator
. Clearly, the operator T ′ is given by
with compact support, we let f = g + Q j ∈Q b j be the Calderón-Zygmund decomposition so that both g and b j are in
, and
for almost all t ∈ R + , and
Therefore, we have proved the weak-type (1, 1) estimate. The strong-type (p ′ , p ′ ) estimates for 1 < p ′ < r ′ follows from real interpolation. In other words,
3 Maximal L p regularity of parabolic equations
Consider the parabolic problem
with the initial condition u(0, x) ≡ 0, where the coefficients a ij , b j and c are bounded, measurable and satisfying the strongly ellipticity condition:
This corresponds to (3.1) , y) denote the Green function of the parabolic equation so that the solution of (3.1) is given by
Let X = L r and let the mapping from f ∈ L r (R + ; X) to ∂ t u − f ∈ L r (R + ; X) be denoted by T . Then T f (t) = t 0 K(t − s)f (s) ds when f has compact support and t is not in the support of f , where the operator-valued kernel
The kernel K(t) obeys the standard estimates:
C (t − s) 2 , for 0 < s < t < ∞, (3.3) which indicate that T : L r (R + ; X) → L r (R + ; X) is a singular integral operator of Volterra type. By Theorem 2.1, this operator must be bounded on L p (R + ; X) for all 1 < p < ∞.
Remark 3.1 By this approach, the maximal regularity
, for 1 < p, r < ∞ reduces to the homogeneous estimate ∂ t u L r (R + ;L r ) + Au L r (R + ;L r ) ≤ C f L r (R + ;L r ) , for 1 < r < ∞.
This approach can also be applied to problems defined on a finite time interval as well as problems defined on the bounded domain.
for t ∈ Q j ⊂ Q. Let g = f outside ∪Q. Then f = g + Q j ∈Q b j satisfies the requirements.
